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ON THE NONEXISTENCE OF CLOSED TIMELIKE GEODESICS
IN FLAT LORENTZ 2-STEP NILMANIFOLDS

MOHAMMED GUEDIRI

Abstract. The main purpose of this paper is to prove that there are no
closed timelike geodesics in a (compact or noncompact) flat Lorentz 2-step
nilmanifold N/Γ, where N is a simply connected 2-step nilpotent Lie group
with a flat left-invariant Lorentz metric, and Γ a discrete subgroup of N acting
on N by left translations. For this purpose, we shall first show that if N is
a 2-step nilpotent Lie group endowed with a flat left-invariant Lorentz metric
g, then the restriction of g to the center Z of N is degenerate. We shall then
determine all 2-step nilpotent Lie groups that can admit a flat left-invariant
Lorentz metric. We show that they are trivial central extensions of the three-
dimensional Heisenberg Lie group H3. If (N, g) is one such group, we prove
that no timelike geodesic in (N, g) can be translated by an element of N. By
the way, we rediscover that the Heisenberg Lie group H2k+1 admits a flat
left-invariant Lorentz metric if and only if k = 1.

1. Introduction

Based on an old result due to Tipler [19], it is natural to conjecture that a com-
pact Lorentz manifold admitting a globally hyperbolic regular covering contains a
closed timelike geodesic. In a recent work [9] we provided, among other things, ex-
amples of compact flat Lorentz space forms without closed timelike geodesics. Since
each of such spaces admits Minkowski space as its universal covering, this provides
a negative answer to the above conjecture. In this paper we shall show that these
examples are not isolated cases, but belong to an infinite family of which they are
simplest representatives. Namely, we shall show that given a simply connected 2-
step nilpotent Lie group N with a flat left-invariant Lorentz metric g, then for any
lattice Γ in N , the compact flat Lorentz 2-step nilmanifold (N/Γ, g) contains no
closed timelike geodesic. This will be a particular case of Theorem 3. For this, we
shall first show in Lemma 3 that the restriction of g to the center Z of N is neces-
sarily degenerate. We then determine all 2-step nilpotent Lie groups that can admit
a left-invariant Lorentz metric with zero sectional curvature. We show in Theorem
1 that they are trivial central extensions of the three-dimensional Heisenberg group
H3. This, in particular, rediscovers in passing that the generalized Heisenberg Lie
group H2k+1 admits a flat left-invariant Lorentz metric if and only if k = 1. Finally,
using the explicit solutions of the geodesic equations in the case where the center
is degenerate and some criteria that characterize translated geodesics, both given
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in [10], we prove in Theorem 2 that there is no timelike geodesic in (N, g) that can
be translated by a nonidentity element of N. This implies that, for any discrete
subgroup Γ ⊂ N acting on N by left translations (in particular, for any lattice
Γ ⊂ N ), the flat Lorentz 2-step nilmanifold (N/Γ, g) contains no closed timelike
geodesic (cf. Theorem 3).

2. Preliminaries

Recall that a Lie algebra N is said to be 2-step nilpotent if it satisfies [N ,N ] 6= 0
and [N , [N ,N ]] = 0. This means that the derived subalgebra N ′ = [N ,N ] is
contained in the center Z of N , or equivalently, ad2

X = 0 for any X ∈ N . A
Lie group N is said to be 2-step nilpotent if its Lie algebra N is 2-step nilpotent.
Throughout this paper, N will denote a simply connected 2-step nilpotent Lie
group with Lie algebra N having Z as its center. We shall use exp : N → N to
denote the Lie group exponential map which is, given that N is simply connected
and nilpotent, a diffeomorphism (cf. [18], p. 6), and we shall denote its inverse by
log : N → N . Since N is 2-step nilpotent, the Campell-Baker-Hausdorff formula
(see for instance [12] or [17]) becomes

exp(X) exp(Y ) = exp
(
X + Y + 1

2 [X,Y ]
)
, for all X,Y ∈ N .

The differential map of exp is described by the following lemma, which is due to
Eberlein [5].

Lemma 1. For any ξ, A ∈ N , the differential map Dξ exp : TξN → Texp(ξ)N
satisfies

Dξ exp (Aξ) = DLexp(ξ)

(
A+ 1

2 [A, ξ]
)
,

where Aξ denotes the initial velocity of the curve t 7→ ξ + tA and Lexp(ξ) denotes
the left translation by exp(ξ).

As a standard example of a 2-step nilpotent Lie group, we have the following:

Example 1. The Heisenberg group of dimension 2n+ 1.
We call the Heisenberg group of dimension 2n + 1 the vector space H2n+1 =

R×Cn endowed with the group law

(z, v) · (z′, v′) =
(
z + z′ + 1

2B (v, v′) , v + v′
)
,

where B is the nondegenerate alternate R-bilinear form

B (v, v′) =
n∑
i=1

xiy
′
i − yix′i,

with v =
(
xi +

√
−1yi

)
1≤i≤n , v

′ =
(
x′i +

√
−1y′i

)
1≤i≤n and z, z′ ∈ R.

Its Lie algebraH2n+1 has a basis {Z,X1, . . . , Xn, Y1, . . . , Yn} for which all brack-
ets are zero except [Xi, Yi] = Z for 1 ≤ i ≤ n. This means that the center Z = RZ
of H2n+1 is 1-dimensional, and it is just straightforward to verify that exp : H2n+1

→ H2n+1 is given by

exp

(
zZ +

n∑
i=1

(xiXi + yiYi)

)
=

(
z +

1
2

n∑
i=1

xiyi,
(
xi +

√
−1yi

)
1≤i≤n

)
.
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2.1. Left-invariant Lorentz metrics. Throughout this paper, we shall endow N
∼= TeN with a nondegenerate (indefinite) inner product 〈, 〉, which in turn induces a
left-invariant pseudo-Riemannian metric on the Lie group N , and we shall restrict
to the Lorentz case, that is, we shall assume that 〈, 〉 has signature (−,+, . . . ,+).
We shall also use the notation 〈, 〉 for both the inner product on N and the corre-
sponding left-invariant Lorentz metric on N.

A tangent vector X is said to be timelike, spacelike or lightlike (null) according
to whether 〈X,X〉 < 0, > 0 or = 0, respectively. A smooth curve in N is said to
be timelike, spacelike or lightlike (null) if its tangent vector field is always timelike,
spacelike or lightlike (null), respectively. Similarly, a subspace V ⊂ N is said to be
timelike, spacelike or lightlike (null or degenerate) if the restriction of 〈, 〉 to V is
indefinite, positive definite or degenerate, respectively.

Definition 1. A 2-step nilpotent Lie group N with a left-invariant Lorentz metric
〈, 〉 will be called a Lorentz 2-step nilpotent Lie group, and will be denoted by
(N, 〈, 〉) .

If the restriction of 〈, 〉 to the center Z is nondegenerate (positive definite or
indefinite), let V denote the orthogonal complement of Z in N relative to 〈, 〉, and
so write N as an orthogonal direct sum

N = V ⊕ Z.
For each Z ∈ Z, define a skew-symmetric linear map j (Z) : V → V by

j (Z)X = ad∗XZ for all X ∈ V ,
where ad∗XZ denotes the adjoint of adX relative to 〈, 〉 . This equivalently means
that

〈j (Z)X,Y 〉 = 〈[X,Y ] , Z〉 for all X,Y ∈ V .
Notice that this map was first introduced by Kaplan [13], [14], [15] to study

Riemannian 2-step nilmanifolds of Heisenberg type.
Similarly, if the restriction of 〈, 〉 to Z is degenerate, namely if, considered as

a vector subspace of N , the center Z is tangent to the light cone at the identity
e of N, or equivalently, Z ⊂ b⊥ for some lightlike vector b ∈ Z, then one can
write Z = Z1 ⊕ Rb, where Z1 is a spacelike subspace of N . Since the orthogonal
complement Z⊥1 of Z1 in N is timelike, one can choose a second lightlike vector
c ∈ Z⊥1 to get finally the orthogonal decomposition

N = Z1 ⊕ U1 ⊕ V ect {b, c} ,
where U1 is a timelike subspace of N .

For each z1 +yc ∈ Z1⊕Rc, we might in a similar manner as above define a linear
skew-symmetric map j (z1 + yc) ∈ End (U1 ⊕ V ect {b, c}) by

j (z1 + yc)X = ad∗X (z1 + yc) for all X ∈ U1 ⊕ V ect {b, c} ,
or equivalently,

〈j (z1 + yc)X,Y 〉 = 〈[X,Y ] , z1 + yc〉 for all X,Y ∈ U1 ⊕ V ect {b, c} .
However, we will need to alter this definition because, as we can easily check,

j (z1 + yc) b = 0, j (z1 + yc) c ∈ U1 and j (z1 + yc)X1 ∈ U1 ⊕ Rb for all X1 ∈ U1.
Instead, we will adopt the following definition:

j : Z1 ⊕ Rc −→ Hom (U1 ⊕ Rc,U1 ⊕ Rb) ,
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where here Hom (U1 ⊕ Rc,U1 ⊕ Rb) denotes the set of all homomorphisms (i.e.,
linear maps) from U1 ⊕ Rc into U1 ⊕ Rb.

Now, for any z1 + yc ∈ Z1 ⊕ Rc, we define the linear maps

J1 : U1 ⊕ Rc −→ U1 : X 7−→ (j (z1 + yc)X)U1 ,

J2 : U1 ⊕ Rc −→ Rb : X 7−→ (j (z1 + yc)X)b ,

where (j (z1 + yc)X)U1 and (j (z1 + yc)X)b are the components of j (z1 + yc)X in
U1 and Rb, respectively.

One can also define the skew-symmetric endomorphism

J : U1 −→ U1 by J (X) = J1 (X) for all X ∈ U1,

and if V2 denotes the orthogonal complement of V1 = kerJ in U1, then we get the
orthogonal decomposition

U1= V1⊕V2.

Since U1 is spacelike and J is skew-symmetric, it follows that the nonzero char-
acteristic roots of J are pure imaginary and occur in conjugate pairs. Therefore, if
{±iθ1, . . . ,±iθk} are the distinct nonzero characteristic roots of J , with θi > 0 for

1 ≤ i ≤ k, and {W1, . . . ,Wk} are the invariant subspaces of J, we have V2 =
k⊕
i=1

Wi

(orthogonal direct sum) and, relative to an orthonormal basis of Wi, we can write

J|Wi =
(

0 θi
−θi 0

)
.

2.2. Covariant derivative and curvature.

Definition 2. Let (N, 〈, 〉) be a Lorentz 2-step nilpotent Lie group with non-
degenerate center. A two-dimensional subspace P ⊂ TxN, x ∈ N, is said to
be nondegenerate if the restriction of 〈, 〉|P is nondegenerate. This means that

〈X,X〉 〈Y, Y 〉 − 〈X,Y 〉2 6= 0, for any basis {X,Y } of P .
A nondegenerate plane P is said to be timelike if 〈, 〉|P is indefinite (that is, with

signature (−,+)). Similarly, we say that P is spacelike if 〈, 〉|P is positive definite
(that is, with signature (+,+)).

If we identify elements ofN with their associated left-invariant vector fields, then
for X,Y ∈ N , the covariant derivative ∇XY of the left-invariant Lorentz metric
〈, 〉 satisfies the formula (cf. [3] p. 64, or [12] p. 48)

∇XY = 1
2 {[X,Y ]− ad∗XY − ad∗YX} ,(1)

where, as above, ad∗XY and ad∗YX denote respectively the adjoints of adX and adY
relative to 〈, 〉 .

The curvature tensor R is defined by

R (X,Y )W = ∇[X,Y ]W −∇X∇YW +∇Y∇XW,(2)

and the sectional curvature of a nondegenerate two-dimensional plane P =
span {X,Y } spanned by two vectors X,Y ∈ N is given by

K (X,Y ) =
〈R (X,Y )X,Y 〉

〈X,X〉 〈Y, Y 〉 − 〈X,Y 〉2
.(3)

Remark 1. Rather than considering all sectional curvatures, it suffices for different
reasons to restrict to timelike sectional curvatures (see [2], Remark 11.6).
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2.3. Geodesics. The geodesic equations are completely integrable [8] and their
solutions are expressed in terms of the initial conditions and the eigenvalues of the
maps j (Z) or j (z1 + yc) according to whether Z is nondegenerate or degenerate,
respectively [10]. Since we will consider only the case where Z is degenerate, we
state the solutions uniquely for this case.

Let γ (t) be a geodesic in N emanating from the identity e of N , with γ′ (0) =
z10 + y10 + z0b + y0c, where z10 ∈ Z1, y10 ∈ U1 and z0, y0 ∈ R. Using exponential
coordinates, one can write

γ(t) = exp (z1 (t) + y1 (t) + z (t) b+ y (t) c) ,

where
z1 (t) ∈ Z1, y1 (t) ∈ U1 and z (t) , y (t) ∈ R for all t ∈ R.

Setting X (t) = y1 (t) + y (t) c and using Lemma 1, one obtains

γ′ (t) =
(
Dlog(γ(t)) exp

)
(z′1 (t) + y′1 (t) + z′ (t) b+ y′ (t) c)

= Lγ(t)∗
(
z′1 (t) + y′1 (t) + z′ (t) b+ y′ (t) c+ 1

2 [X ′ (t) , X (t)]
)
,

and therefore

L−1
γ(t)∗γ

′ (t) = z′1 (t) + y′1 (t) + z′ (t) b+ y′ (t) c+ 1
2 [X ′ (t) , X (t)] .(4)

Note that z′1 (0) = z10, y
′
1 (0) = y10, z

′ (0) = z0 and y′ (0) = y0.

Lemma 2 ([8]). Let G be a Lie group with a left-invariant pseudo-Riemannian
metric induced by a nondegenerate inner product 〈, 〉 on the Lie algebra G of G. For
any C1-curve t 7→ γ (t) in G, associate the curve L−1

γ(t)∗γ
′ (t) in G. Then, the curves

of G associated to geodesics of G are solutions of the equation

X ′ = ad∗XX,(5)

where as above ad∗X stands for the adjoint of adX relative to 〈, 〉 .

Substituting (4) into (5), we obtain the system

z′1 (t) + 1
2 [X ′ (t) , X (t)]Z1 = z10,

d
dt

(
z′ (t) b+ 1

2 [X ′ (t) , x (t)]b
)

= J2 (X ′ (t)) ,

X ′′ (t) = J1 (X ′ (t)) .

The solution of this system is described by the following result.

Proposition 1 ([10]). Using the notation above, let (N, 〈, 〉) be a simply connected
Lorentz 2-step nilpotent Lie group with degenerate center. Let γ (t) be a geodesic in
N emanating from the identity e of N such that γ′ (0) = z10+z0b+y10 + y0c, where
z10 ∈ Z1, y10 ∈ U1, z0, y0 ∈ R, and set γ(t) = exp (z1 (t) + z (t) b+ y1 (t) + y (t) c),
where z1 (t) ∈ Z1, y1 (t) ∈ U1 and z (t) , y (t) ∈ R for all t ∈ R. Set also
J1 (c) = c1 + c2 ∈ V1 ⊕ V2, y10 = y11 + y12 ∈ V1 ⊕ V2, and X1 = y11 − y0J

−1c2,

X2 = y12 + y0J
−1c2 =

k∑
i=1

ξi, where ξi ∈ Wi for 1 ≤ i ≤ k. Then,

(1) y (t) c = ty0c;
(2) y1 (t) = tX1 + t2

2 y0c1 +
(
etJ − Id

)
J−1X2;

(3) z1 (t) = t
(
z10 + T1 (t)Z1

)
+ T2 (t)Z1 ;



780 MOHAMMED GUEDIRI

(4) z (t) b = t
(
z0b+ T1 (t)b − J2

(
J−1X2

))
+ T2 (t)b

+ t2

2 J2 (X1) + t3

6 y0J2 (c1) + J2

((
etJ − Id

)
J−2X2

)
,

where T1 (t)Z1 , T2 (t)Z1 (resp. T1 (t)b, T2 (t)b) are the components on Z1 (resp.
Rb) of the following quantities:

T1 (t) =
1
2

[
X1 + y0c+

t

2
y0c1,

(
etJ + Id

)
J−1X2

]
+

t2

12
y0 [X1 + y0c, c1]− y0

[
c1, e

tJJ−2X2

]
− 1

2

k∑
i=1

[
ξi, J

−1ξi
]
,

T2 (t) = y0

[
c1,
(
etJ − Id

)
J−3X2

]
−
[
X1 + y0c,

(
etJ − Id

)
J−2X2

]
+ 1

2

[
etJJ−1X2, J

−1X2

]
− 1

2

k∑
i6=j=1

1(
θ2
i − θ2

j

) ([etJξi, etJξj]− [etJJξi, etJJ−1ξj
])

+
1
2

k∑
i6=j=1

1(
θ2
i − θ2

j

) ([ξi, ξj ]− [Jξi, J−1ξj
])
,

respectively.

2.4. Translated geodesics.

Definition 3. Let γ (t) be a geodesic in (N, 〈, 〉) and φ a nontrivial element of N.
We say that φ translates γ by an amount ω > 0 if φ.γ (t) = γ (t+ ω) for all t ∈ R.
If γ (t) is a unit speed geodesic, ω is called a period of φ.

When the restriction of 〈, 〉 to Z is degenerate, translated geodesics are charac-
terized by the following result.

Proposition 2 ([10]). Assume that Z is degenerate and let φ be an arbitrary el-
ement of N. Write φ = exp (z∗10 + z∗0b+ y∗10 + y∗0c) , with z∗10 ∈ Z1, y

∗
10 ∈ U1 and

z∗0 , y
∗
0 ∈ R, and let γ (t) be a unit speed or null geodesic such that γ (0) = a =

exp η, γ (ω) = φ.a and γ′ (0) = DLa (z10 + z0b + y10 + y0c) for suitable z10 ∈
Z1, y10 ∈ U1 and z0, y0 ∈ R. Set z∗∗10 + λ∗b = z∗10 + z0b + [y∗10 + y∗0c, η] and
write γ (t) = a. exp (z1 (t) + z (t) b+ y1 (t) + y (t) c) with z1 (t) ∈ Z1, y1 (t) ∈ U1 and
z (t) , y (t) ∈ R for all t ∈ R, and z1 (0) = y1 (0) = 0, z (0) = y (0) = 0.Then, with
the notation above, the following assertions are equivalent:

(1) φ.γ (t) = γ (t+ ω) for all t ∈ R;
(2)

y (t+ ω) c = (y (t) + y∗0) c,

y1 (t+ ω) = y1 (t) + y∗10,

z1 (t+ ω) + z (t+ ω) b = z1 (t) + z (t) b+ z∗∗10 + λ∗b

+ [y∗10 + y∗0c, y1 (t) + y (t) c] for all t ∈ R;

(3) eωJX2 = X2, y0c1 = 0 and J2 (X1) = 0. In particular, γ (t) cannot be
timelike if c1 6= 0;



ON THE NONEXISTENCE OF CLOSED TIMELIKE GEODESICS 781

(4) y∗0c = ωy0c, y
∗
10 = ωX1,

z∗∗10 + λ∗b = ω

{
z10 + z0b+

[
y0c+X1, J

−1X2

]
+ 1

2

k∑
i=1

[
J−1ξi, ξi

]}
− ωJ2

(
J−1 (X2)

)
, where X2 =

k∑
i=1

ξi;

(5) γ′ (0) ⊥ ZV ∗ .a, where ZV ∗ = exp ([y∗10 + y∗0c,N ]);
(6) γ′ (ω) ⊥ ZV ∗ .φ.a = ZV ∗ .γ (ω) .

3. Main results

We start with the following lemma.

Lemma 3. Let (N, 〈, 〉) be a flat Lorentz 2-step nilpotent Lie group. Then, the
restriction of 〈, 〉 to the center Z of N is degenerate.

Proof. Assume to the contrary that 〈, 〉 is nondegenerate on Z, and write as usual
N = V ⊕ Z, where V denotes the orthogonal complement of Z relative to 〈, 〉 . Using
(1), we see for x, y ∈ V , z ∈ Z that

5x x = 5zz = 0, 5xy = 1
2 [x, y] , 5xz = − 1

2j (z)x.(6)

Therefore,

R (z, x) z = −∇z∇xz
= 1

2∇zj (z)x

= − 1
4

(
ad∗j(z)xz

)
,

and if z, x are orthonormal, we compute using (3),

K (z, x) = ε 〈R (z, x) z, x〉
= − ε

4

〈
ad∗j(z)xz, x

〉
= − ε

4
〈[j (z)x, x] , z〉(7)

=
ε

4
〈[x, j (z)x] , z〉

=
ε

4
〈j (z)x, j (z)x〉 ,

where ε = −1 or 1 depending upon whether the plane section P = span {x, z} is
timelike or spacelike, respectively.

Case 1: V is spacelike. In this case, to raise a contradiction it suffices by (7) to
show that there exist z ∈ Z and e ∈ V such that j (z) e 6= 0, because this would
imply that K (z, e) 6= 0, which is a contradiction given that we are assuming that
R is identically zero. To do this, assume first that [N ,N ] is totally degenerate and
choose a lightlike vector b ∈ N so that [N ,N ] = Rb. By setting b = [e, e′] and
recalling that a timelike vector is never orthogonal to a lightlike vector, we easily
get for any arbitrary timelike vector z ∈ Z that

0 6= 〈b, z〉 = 〈[e, e′] , z〉 = 〈j (z) e, e′〉 .
If [N ,N ] is not totally degenerate, then by choosing z ∈ [N ,N ] so that 〈z, z〉 6= 0

and writing z = [e, e′] , we obtain

0 6= 〈z, z〉 = 〈[e, e′] , z〉 = 〈j (z) e, e′〉 .
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Thus, in either case, we have shown that j (z) e 6= 0 for suitable z ∈ Z and e ∈ V ,
as desired.

Case 2: V is timelike. Recall that dimV ≥ 2 since otherwise N cannot be 2-
step nilpotent, and let e, e′ ∈ V be two orthonormal vectors so that [e, e′] 6= 0.
In this case, the word “e, e′ are orthonormal” means that 〈e, e′〉 = 0 and either
〈e, e〉 = 〈e′, e′〉 = 1 or 〈e, e〉 = −〈e′, e′〉 = 1. Since ∇[e,e′]e = ∇e [e, e′] then, using
the first two equations of (6), we easily compute

R (e, e′) e = ∇[e,e′]e−∇e∇e′e
= 3

2∇e [e, e′] .

But N is 2-step nilpotent and [e, e′] ∈ Z. Thus,

R (e, e′) e =
3
4

{
[e, [e, e′]]− ad∗e [e, e′]− ad∗[e,e′]e

}
= − 3

4ad
∗
e [e, e′] ,

and hence,

K (e, e′) = −3ε
4
〈ad∗e [e, e′] , e′〉

= −3ε
4
〈[e, e′] , [e, e′]〉

= −3ε
4
|[e, e′]|2 6= 0,

where as above ε = −1 or 1 depending upon whether the plane section P =
span {e, e′} is timelike or spacelike, respectively. This is a contradiction, thereby
showing that 〈, 〉 must be degenerate on Z. This completes the proof of Lemma
3. �

Theorem 1. A connected 2-step nilpotent Lie group N admits a flat left-invariant
Lorentz metric if and only if N is a trivial central extension of the three-dimensional
Heisenberg Lie group H3. Furthermore, the restriction of such a metric to the factor
H3 is necessarily indefinite with degenerate center.

Proof. By Lemma 3, the restriction of 〈, 〉 to Z is degenerate. This means, as
noticed in Subsection 2.1, that Z = Z1 ⊕ Rb (orthogonal direct sum) for some
lightlike vector b. Since the orthogonal complement Z⊥1 of Z1 relative to 〈, 〉 is
timelike, we may choose a second lightlike vector c ∈ Z⊥1 so that 〈b, c〉 = 1. Thus,
we may finally get the desired orthogonal decomposition

N = Z1 ⊕ V ect {b, c} ⊕ U1,

with dimU1 ≥ 1, because N is 2-step nilpotent.
We claim that dimU1 = 1. Indeed, suppose to the contrary that dimU1 ≥ 2.

Without loss of generality, assume that dimU1 = 2, and let e1, e2 be an orthonormal
basis of U1. Recalling that [N ,N ] ⊂ Z = Z1 ⊕ Rb, we may write

[c, e1] = α1b+ z1,

[c, e2] = α2b+ z2,

[e1, e2] = αb+ z,

where z, z1, z2 ∈ Z1 and α, α1, α2 ∈ R.
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Using formula (1), a direct computation yields all the covariant derivatives. We
find for instance

5cz1 = 5z1c = − 1
2

(
|z1|2 e1 + 〈z1, z2〉 e2

)
,

5ze1 = 5e1z = 1
2

(
〈z1, z〉 b− |z|2 e2

)
.

From these calculations we obtain, using formula (2), that

R (e1, e2) e1 =
3
4

(
〈z1, z〉 b− |z|2 e2

)
,

R (v, e1) v =
1
2
R (c, e1) c

= −3
8

(
|z1|2 e1 + 〈z1, z2〉 e2

)
+
α

8
(z2 + αe1)− α2

4
z,

R (v, e2) v = −3
8

(
〈z1, z2〉 e1 + |z2|2 e2

)
− α

8
(z1 − αe2)− α1

4
z,

where v = b+c√
2
. (Notice that v is a unit spacelike vector, and that e1, e2, v are

orthonormal.)
Since we are assuming that R is identically zero, we deduce that α = 0 and

z = z1 = z2 = 0, because e1, e2, v are linearly independent. Therefore, the structure
equations of N reduce to

[c, ei] = αib,

[ei, ej ] = 0,

where αi ∈ R and ei, ej belong to an orthonormal basis {e1, . . . , ek} of U1.
Since N is 2-step nilpotent and not abelian, there exists some αi 6= 0. Without

loss of generality, assume that α1 6= 0, say α1 = 1 to simplify. Now, for any
i ∈ {2, . . . , k} with αi 6= 0, by replacing ei with e′i = ei − αie1 which is still
an element of U1, we see that [x, e′i] = 0 for any x ∈ N , that is, e′i ∈ Z. But this
contradicts the fact that U1∩Z = {0} . It follows that αi = 0 for any i ∈ {2, . . . , k},
which in turn implies that ei ∈ Z for i ∈ {2, . . . , k} . But, this is also a contradiction
for the same reason that U1 ∩ Z = {0}; thereby we deduce that dimU1 = 1.

It follows that N is a trivial central extension of the Heisenberg Lie algebra
H3 = span {b, c, e1} with [c, e1] = b. Furthermore, it is clear that the restriction of
the metric to the factor H3 is indefinite with degenerate center Rb. This completes
the proof of Theorem 1. �

As a direct consequence of Theorem 1, we have the following result already
established in [1], Proposition 3.5.2 (see also [4], p. 16).

Corollary 1. The Heisenberg Lie group H2k+1 admits a flat left-invariant Lorentz
metric if and only if k = 1.

Remark 2. In terms of Proposition 3.1.11 of [1], Theorem 1 says that N admits
a flat left-invariant Lorentz metric if and only if its Lie algebra N is a double
extension of a Euclidean abelian Lie algebra, which is here Z1 ⊕ U1, by a straight
line with respect to u = D = 0, µ = 0 and b0 = λe1.

We may also say that N is obtained from H3 endowed with a left-invariant
Lorentz metric for which the center ofH3 is degenerate (and so such a metric is flat),
by a trivial central extension. In other words, starting fromH3

∼= V ect {b, c, e} with
[c, e] = b, endowed with a Lorentz scalar product 〈, 〉 such that 〈b, b〉 = 〈c, c〉 = 0
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and 〈b, c〉 = 1, we add some new central elements z1, . . . , zk to the center Rb and
extend 〈, 〉 so that z1, . . . , zk are orthonormal and N = H3 ⊕ span {z1, . . . , zk} is
an orthogonal direct sum.

We now investigate the nonexistence of closed timelike geodesics in flat Lorentz
2-step nilmanifolds, but let us first recall how the examples of [9], mentioned in
the introduction, were obtained. Indeed, we start from Theorem 3.5 of [6], saying
that the Heisenberg group H3 acts affinely and simply transitively in two different
ways on R3. One of these actions preserves a Lorentz metric which corresponds to
a left-invariant Lorentz metric on H3 with nondegenerate restriction to the center,
and so this is not a flat metric. However, the second action preserves a Lorentz
metric which corresponds to a left-invariant Lorentz metric on H3 with degenerate
restriction to the center, and therefore this is a flat metric.

This last action of H3 on R3 is, up to conjugacy in Isom
(
R3

1

)
= O (2, 1)n R3,

an affine action of the following group:

Gb,c =


 1 cv bu+ cv2

0 1 v
0 0 1

 s+ (b+ c)uv/2 + cv3/6
u+ v2/2

v

 ,

where b, c are real numbers with b 6= c. Notice that Gb,c is abelian if and only if
b = c.

In order to simplify computations we set, for example, b = 0 and c = −1. In this
case, we easily check that G0,−1

∼= H3 acts isometrically and simply transitively on a
Minkowski space (R3

1, g) with respect to coordinates x, y, z in which g = 2dxdz+dy2.
If {X,Y, Z} is a basis of H3 with structure equation [Y, Z] = X , then g corre-

sponds to a left-invariant Lorentz metric on H3 defined at the identity e by the
inner product 〈, 〉 for which the center Z = RX is degenerate. Precisely, we have
that 〈X,X〉 = 〈Y, Y 〉 = 0 and 〈X,Y 〉 = 〈Z,Z〉 = 1.

Let Γ be a lattice in G0,−1
∼= H3, namely, Γ is a cocompact discrete subgroup

of Isom
(
R3

1

)
acting properly discontinuously and freely on R3

1. Then, the Lorentz
quotient manifold M3 = R3

1/Γ is a compact flat space form with the Minkowski
space (R3

1, g) as its universal covering. In particular, M3 admits the regular globally
hyperbolic covering π : R3

1 →M3 = R3
1/Γ.

Lemma 4. M3 contains no closed timelike geodesics.

Proof. Note first that geodesics of M3 are projections under π of geodesics (i.e.,
straight lines) in R3

1. If c(t) = (αt+x0, βt+y0, γt+z0) is a geodesic in R3
1 translated

an amount ω by an element φ ∈ Γ, then the condition φ·c(t) = c(t+ω) is equivalent
to the following system of equations:−v(βt+ y0)− (v2/2)(γt+ z0) + s− uv/2− v3/6 = αω,

v(γt+ z0) + u+ v2/2 = βω,
v = γω,

where s, u, v are integers.
Since t is arbitrary, we necessarily get γ = 0. This implies that g(ċ, ċ) = 2αγ +

β2 = β2 ≥ 0, and hence c cannot be timelike. �

Remark 3. Examples of 4-dimensional compact flat space forms without closed
timelike geodesics can also be obtained using the classification given in [7]. Each of
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such spacetimes is, up to an isometry, of the form H4/Γ, where H4 is the unique 4-
dimensional 2-step nilpotent Lie group endowed with a left-invariant Lorentz metric
for which the one-dimensional subspace [H4,H4] is null, and Γ is a lattice in H4.
Here H4 denotes the Lie algebra of H4. It has a basis {X,Y, Z,W} for which the
only nonzero bracket is [X,Y ] = Z. Notice that Z = span {Z,W}, that is, dimZ =
2.

As we have already noticed, these examples are not isolated cases, but belong to
an infinite family of which they are simplest representatives. Namely, we have the
following.

Theorem 2. Let N be a connected 2-step nilpotent Lie group with a flat left-
invariant Lorentz metric g. Then there is no timelike geodesic in (N, g) that can
be translated by a nonidentity element of N.

Proof. Let 〈, 〉 denote the Lorentz scalar product on N induced by g. By Theorem
1, N may be put (as a vector space) into an orthogonal direct sum

N = H3 ⊕Z1,

where as usual H3
∼= V ect {b, c, e} with [c, e] = b, and [x, z] = 0 for any x ∈ N

and z ∈ Z1. Furthermore, the restriction of 〈, 〉 to H3 is indefinite with degenerate
center Rb. So, without loss of generality, assume that 〈b, b〉 = 〈c, c〉 = 0 and
〈b, c〉 = 〈e, e〉 = 1. Let γ (t) be a geodesic in N through the identity of N such that
γ′ (0) = z10 + z0b + y0c+ y1e, where z10 ∈ Z1 and z0, y0, y1 ∈ R, and set

γ(t) = exp (z1 (t) + z (t) b+ y (t) c+ y1 (t) e) ,

where
z1 (t) ∈ Z1 and z (t) , y (t) , y1 (t) ∈ R for all t ∈ R.

Using the notation of Subsection 2.1, one can write

j (z10 + y0c) e = αe+ βb,

j (z10 + y0c) c = δe,

and since j (z10 + y0c) is skew-symmetric, it follows from this that

α = β + δ = 0.

But [c, e] = b. Thus,

δ = 〈j (z10 + y0c) c, e〉
= 〈[c, e] , z10 + y0c〉
= y0.

Hence,

j (z10 + y0c) e = −y0b,

j (z10 + y0c) c = y0e.

From this we deduce that J ≡ 0 and that c1 = y0e and c2 = 0, where, as in the
statement of Propostion 1, j (z10 + y0c) c = J1 (c) = c1 + c2 ∈ V1 ⊕ V2.

Now, if γ (t) is translated by an element φ ∈ N, then by Proposition 2, we
should have y0c1 = 0, that is, y2

0e = 0. This implies that y0 = 0. Recalling from
Proposition 1 that y (t) c = ty0c, it follows that y (t) ≡ 0, and that consequently
γ (t) cannot be timelike. This completes the proof of Theorem 2. �
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Our main result concerning closed timelike geodesics in compact (and even non-
compact) flat spacetimes follows now as a consequence of Theorem 2.

Theorem 3. Let N be a simply connected 2-step nilpotent Lie group with a flat
left-invariant Lorentz metric. Then for any discrete subgroup Γ ⊂ N , the flat 2-step
nilmanifold N/Γ does not contain closed timelike geodesics.

Remark 4. Note that it is just as straightforward to see that even if it does not
contain translated timelike geodesics, a 2-step nilpotent Lie group with a flat left-
invariant Lorentz metric should, however, contain translated lightlike geodesics.
This can easily be checked in light of the proof of Theorem 2 (for a more general
result concerning flat compact space forms, see [9], Theorem 3.3).
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